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Abstract
We present Gordon decomposition of the magnetizability of Dirac one-electron atom in an ar-
bitrary discrete energy eigenstate, with a pointlike, spinless and motionless nucleus of charge Ze.
The external magnetic field, by which the atomic state is perturbed, is assumed to be weak, static,
and uniform. Analytical derivation of closed-form expressions for the diamagnetic (χd) and param-
agnetic (χp) contributions to χ are performed with the use of the Sturmian series representation of
the first-order Dirac–Coulomb Green function combined with the theory of special functions. The
received formula for χp contains the generalized hypergeometric functions 3F2 of the unit argument,
while χd is of an elementary form. For the atomic ground state, our both general results reduce
to formulas obtained earlier by other author. We present also numerical values of relative dia- and
paramagnetic contributions to the magnetizability for some excited states of selected hydrogenlike
ions with 1 6 Z 6 137 and compare them with data available in the literature.
1 Introduction
The influence of external electric and magnetic fields on atoms is one of the most interesting physical
phenomena widely discussed in the literature. In the theoretical approach, it can be described by changing
two physical quantities, namely the electric charge density and the electric current density. These changes
consist mainly in inducing additional multipole moments in the system, which in the first approximation
are proportional to the intensity of the applied field; the proportionality factors can be expressed by
means of appropriate electromagnetic susceptibilities [1, 2]. In nonrelativistic quantum mechanics, many
second-order magnetic properties are obtained as a sums of a diamagnetic and a paramagnetic term [3].
By performing the decomposition into these terms, one can often indicate that the paramagnetic (or Van
Vleck) term vanishes or is very small in magnitude. Then, the dominating diamagnetic contribution can
easily be evaluated in terms of the unperturbed wave function only.
Finding a paramagnetic and (especially) diamagnetic contributions in the framework of relativistic
theory is not unequivocal, in the sense that many different techniques may be utilized to achieve this.
For example, some authors used a separate summation over negative-energy states [4–7], the unitary
transformation of the Dirac operator [8], or the Gordon decomposition of the electric current (or charge)
density [9–15]. In our opinion, the latter method is the most elegant and has the potential to apply it in
many physical issues.
Most of the articles, in which the Gordon decomposition was employed to considerations of the
susceptibilities of hydrogenlike atoms, concerned the atomic ground state only. In this work, we shall
use this approach to find the diamagnetic and paramagnetic contributions to the magnetizability of the
relativistic one-electron atom being in an arbitrary discrete energy eigenstate. In calculations of such
general formula we have used the perturbation theory combined with the Green function technique. To
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derive the explicit expressions for dia- and paramagnetic terms, we have utilized the expansion of the first-
order generalized Dirac–Coulomb Green function (DCGF) in the Sturmian basis [16]; this form of Green’s
function was widely used by us in various calculations of electromagnetic properties of the Dirac one-
electron atom [17–22] (for other applications of this representation of DCGF, see Refs. [23–28]). In this
paper we also tabulate the relative diamagnetic and paramagnetic contributions to the magnetizabilities
for selected low-lying eigenstates of hydrogenic atoms with 1 6 Z 6 137. In this way we provide some
conclusions regarding the influence of relativity on the values of these contributions to the magnetizability,
and how they are changing for the higher excited states.
2 Preliminaries
The system we shall be concerned with in the present work is the Dirac one-electron atom with a spinless,
pointlike, and infinitely heavy nucleus of charge +Ze, and with an electron of mass me and charge e.
Without the external perturbations, the atomic state energy levels are
E(0) ≡ E(0)nκ = mec2
n+ γκ
Nnκ
, (2.1)
with
Nnκ =
√
n2 + 2nγκ + κ2 (2.2)
and
γκ =
√
κ2 − (αZ)2, (2.3)
where n is the radial quantum number, κ = ±1,±2, . . . is the Dirac quantum number, while α denotes
the Sommerfeld’s fine-structure constant. The atomic energy levels from Eq. (2.1) are degenerate; the
normalized to unity eigenfunctions associated with the eigenvalue E
(0)
nκ are given by
Ψ(0)(r) ≡ Ψ(0)nκµ(r) =
1
r
(
P
(0)
nκ (r)Ωκµ(nr)
iQ
(0)
nκ(r)Ω−κµ(nr)
)
, (2.4)
where Ωκµ(nr) (with nr = r/r and µ = −|κ| + 12 ,−|κ| + 32 , . . . , |κ| − 12 ) are the orthonormal spherical
spinors defined as in Ref. [29], while the radial functions are normalized to unity in the sense of∫ ∞
0
dr
{
[P (0)nκ (r)]
2 + [Q(0)nκ(r)]
2
}
= 1 (2.5)
and are explicitly given by
P (0)nκ (r) =
√
Z
2a0
(1 + ǫnκ)(n+ 2γκ)n!
N2nκ(Nnκ − κ)Γ(n+ 2γκ)
(
2Zr
a0Nnκ
)γκ
exp
( −Zr
a0Nnκ
)
×
[
L
(2γκ)
n−1
(
2Zr
a0Nnκ
)
+
κ−Nnκ
n+ 2γκ
L(2γκ)n
(
2Zr
a0Nnκ
)]
, (2.6)
Q(0)nκ(r) =
√
Z
2a0
(1− ǫnκ)(n+ 2γκ)n!
N2nκ(Nnκ − κ)Γ(n+ 2γκ)
(
2Zr
a0Nnκ
)γκ
exp
( −Zr
a0Nnκ
)
×
[
L
(2γκ)
n−1
(
2Zr
a0Nnκ
)
− κ−Nnκ
n+ 2γκ
L(2γκ)n
(
2Zr
a0Nnκ
)]
. (2.7)
Here L
(β)
n (ρ) denote the generalized Laguerre polynomial [30], a0 is the Bohr radius, and
ǫnκ =
E
(0)
nκ
mec2
=
n+ γκ
Nnκ
. (2.8)
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Suppose that the atom is placed in a weak, static, uniform magnetic field of induction B directed
along the z axis of a Cartesian coordinate system. The time-independent Dirac equation for the atomic
electron is then [−ic~α ·∇+ ecα ·A(r) + βmec2 + Vc − E]Ψ(r) = 0 (2.9)
supplemented by the boundary conditions
rΨ(r)
r→0−→ 0, r3/2Ψ(r) r→∞−→ 0. (2.10)
In equation (2.9), α and β are the standard Dirac matrices [31], Vc = −Ze2/(4πǫ0)r is the Coulomb
potential, whereas the vector potential A(r) written in a symmetric gauge has the form
A(r) =
1
2
B × r. (2.11)
In virtue of our assumption that the external magnetic field is weak, the interaction operator
Hˆ(1) = ecα ·A(r) (2.12)
may be treated a small perturbation of the Dirac–Coulomb Hamiltonian describing an isolated atom.
The corresponding zeroth-order bound state eigenproblem is given by the equation[
−ic~α ·∇+ βmec2 + Vc − E(0)
]
Ψ(0)(r) = 0, (2.13)
with the boundary conditions
rΨ(0)(r)
r→0−→ 0, r3/2Ψ(0)(r) r→∞−→ 0. (2.14)
The functions from Eq. (2.4) are adjusted to the perturbation Hˆ(1), i.e., they diagonalize the matrix of
that perturbation. Thus, the solutions of eigenproblem (2.9)–(2.10), to the lowest order in the perturbing
field, can be approximated as
Ψ(r) ≃ Ψ(0)(r) + Ψ(1)(r) (2.15)
and
E ≃ E(0) + E(1). (2.16)
We assume that the corrections Ψ(1)(r) and E(1) are small quantities of the first order in the magnetic
field strength B = |B|; they solve the inhomogeneous differential equation[
−ic~α ·∇+ βmec2 + Vc − E(0)
]
Ψ(1)(r) = −
[
1
2
ecB · (r ×α)− E(1)
]
Ψ(0)(r) (2.17)
supplemented by the boundary conditions
rΨ(1)(r)
r→0−→ 0, r3/2Ψ(1)(r) r→∞−→ 0. (2.18)
After carrying out some transformations from the standard perturbation theory, taking advantage of the
orthogonality constraint ∫
R3
d3r Ψ(0)†(r)Ψ(1)(r) = 0, (2.19)
we find
E(1) ≡ E(1)nκµ =
1
2
ecB ·
∫
R3
d3r Ψ(0)†nκµ(r) (r ×α)Ψ(0)nκµ(r) (2.20)
and
Ψ(1)(r) ≡ Ψ(1)nκµ(r) = −
∫
R3
d3r′ G¯(0)(r, r′)
[
1
2
ecB · (r′ ×α)− E(1)nκµ
]
Ψ(0)nκµ(r
′). (2.21)
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Here, G¯(0)(r, r′) is the generalized Dirac–Coulomb Green function associated with the energy level E
(0)
nκ
of an isolated atom. It is defined as a solution of the following differential equation (for a fixed r′):[
−ic~α ·∇+ βmec2 + Vc − E(0)nκ
]
G¯(0)(r, r′) = Iδ3(r − r′)−
∑
κ′µ
(|κ′|=|κ|)
Ψ
(0)
nκ′µ(r)Ψ
(0)†
nκ′µ(r
′), (2.22)
with the boundary conditions
rG¯(0)(r, r′)
r→0−→ 0, rG¯(0)(r, r′) r→∞−→ 0. (2.23)
Since it is Hermitian in the sense of
G¯(0)(r, r′) = G¯(0)†(r′, r) (2.24)
and satisfies the orthogonality condition∫
R3
d3rΨ
(0)†
nκ′µ(r)G¯
(0)(r, r′) = 0 (for κ′ = ±κ), (2.25)
the formula (2.21) for the first order correction to the wave function becomes
Ψ(1)nκµ(r) = −
1
2
ecB ·
∫
R3
d3r′ G¯(0)(r, r′) (r′ ×α)Ψ(0)nκµ(r′). (2.26)
In order to convert the equation (2.26) into another form (which will be more convenient for calcula-
tions provided in the following chapters), we shall rewrite Eqs. (2.13) and (2.22) as
Ψ(0)nκµ(r) =
i~
mec
βα ·∇Ψ(0)nκµ(r) +
1
mec2
[
E(0) − Vc(r)
]
βΨ(0)nκµ(r) (2.27)
and
G¯(0)(r, r′) =
i~
mec
βα ·∇G¯(0)(r, r′) + 1
mec2
[
E(0) − Vc(r)
]
βG¯(0)(r, r′)
+
1
mec2
βδ3(r − r′)− 1
mec2
∑
κ′µ
(|κ′|=|κ|)
βΨ
(0)
nκ′µ(r)Ψ
(0)†
nκ′µ(r
′), (2.28)
respectively. If the variables r and r′ will be swapped in the equation (2.28) and the resulting formula
will be Hermitian conjugated, then using the relation (2.24), we will get
G¯(0)(r, r′) = − i~
mec
∇
′G¯(0)(r, r′) ·αβ + 1
mec2
[
E(0) − Vc(r)
]
G¯(0)(r, r′)β
+
1
mec2
βδ3(r′ − r)− 1
mec2
∑
κ′µ
(|κ′|=|κ|)
Ψ
(0)
nκ′µ(r)Ψ
(0)†
nκ′µ(r
′)β. (2.29)
Now, taking advantage of the obvious identity 1 = 12 +
1
2 , we may rewrite Eq. (2.26) as
Ψ(1)nκµ(r) = −
1
4
ecB ·
∫
R3
d3r′ G¯(0)(r, r′) (r′ ×α)Ψ(0)nκµ(r′)
−1
4
ecB ·
∫
R3
d3r′ G¯(0)(r, r′) (r′ ×α) Ψ(0)nκµ(r′). (2.30)
Insterting Eq. (2.27) into the first component on the right-hand side of the above equation, and substi-
tuting Eq. (2.29) into the second one, with some algebra, we obtain
Ψ(1)nκµ(r) =
eB
4mec
nz · (r ×α)βΨ(0)nκµ(r)−
e~B
2me
∫
R3
d3r′ G¯(0)(r, r′)nz ·
(
Λˆ
′ +Σ
)
βΨ(0)nκµ(r
′)
− eB
4mec
Ψ(0)nκµ(r)
∫
R3
d3r′ Ψ(0)†nκµ(r
′)nz · (r′ ×α) βΨ(0)nκµ(r′). (2.31)
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Here, Σ is the vector matrix
Σ =
(
σ 0
0 σ
)
, (2.32)
with σ being a vector composed of Pauli matrices, while
Λˆ
′ = −ir′ ×∇. (2.33)
In the rest of this paper, for readability, we shall omit all the subscripts at Ψ
(0)
nκµ and Ψ
(1)
nκµ.
3 Gordon decomposition of the induced current density
The process of decomposing of the atomic magnetizability into diamagnetic and paramagnetic parts,
which is the main goal of the present work, requires finding the analogous components of the induced
current density first. Thus, in this section, following by ideas of Pyper [10–14] and Szmytkowski [9], we
shall provide the Gordon decomposition of j(1)(r) into the following sum:
j(1)(r) = j
(1)
d (r) + j
(1)
p (r), (3.1)
where j
(1)
d (r) and j
(1)
p (r) we define as the diamagnetic and paramagnetic contributions to the induced
current density, respectively.
In the case under consideration when the system is the relativistic hydrogenlike atom in the static,
uniform, and weak magnetic field, characterized briefly in the preceding section, the current density is
given by
j(r) = −ecΨ†(r)αΨ(r), (3.2)
provided the wave function Ψ(r) is normalized to unity:∫
R3
d3r Ψ†(r)Ψ(r) = 1. (3.3)
Equations (3.2) and (2.15), together with the orthogonality constraint (2.19), imply that to the first order
in the perturbing magnetic field the current j(r) can be approximated as
j(r) ≃ j(0)(r) + j(1)(r), (3.4)
where j(0)(r) and j(1)(r) are the unperturbed and the first-order induced current distributions, respec-
tively. In analogous to Eq. (3.2), we may write
j(0)(r) = −ecΨ(0)†(r)αΨ(0)(r). (3.5)
The expressions for the current densities in the states Ψ(r) and Ψ(0)(r), given by Eqs. (3.2) and (3.5),
respectively, we shall rewrite as
j(r) = −1
2
ecΨ†(r)αΨ(r)− 1
2
ecΨ†(r)αΨ(r) (3.6)
and
j(0)(r) = −1
2
ecΨ(0)†(r)αΨ(0)(r)− 1
2
ecΨ(0)†(r)αΨ(0)(r). (3.7)
To continue the Gordon decomposition we will need the equations (2.9) and (2.13) rewritten in the
following forms:
Ψ(r) =
i~
mec
βα ·∇Ψ(r)− e
mec
βα ·A(r)Ψ(r) + 1
mec2
[E − Vc(r)] βΨ(r), (3.8)
Ψ(0)(r) =
i~
mec
βα ·∇Ψ(0)(r) + 1
mec2
[E − Vc(r)] βΨ(0)(r). (3.9)
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Now, into the first terms on the right-hand sides of Eqs. (3.6) and (3.7) we insert the expressions (3.8)
and (3.9), respectively, and to the second terms we shall substitute their Hermitean conjugates. Then,
carrying out some matrix algebra, we obtain
j(r) = − e~
2me
∇× [Ψ†(r)βΣΨ(r)]− e~
me
Im
[
Ψ†(r)β∇Ψ(r)
]− e2
me
Ψ†(r)βA(r)Ψ(r) (3.10)
and
j(0)(r) = − e~
2me
∇×
[
Ψ(0)†(r)βΣΨ(0)(r)
]
− e~
me
Im
[
Ψ(0)†(r)β∇Ψ(0)(r)
]
. (3.11)
Finally, by subtracting Eq. (3.11) from (3.10) and using (2.15), leaving only the terms at most first order,
we obtain j(1)(r) in the from of Eq. (3.1), with the following components:
j
(1)
d (r) = −
e2
me
Ψ(0)†(r)βAΨ(0)(r) (3.12)
and
j(1)p (r) = −
e~
me
∇×Re
[
Ψ(0)†(r)βΣΨ(1)(r)
]
− e~
me
Im
[
Ψ(0)†(r)β∇Ψ(1)(r) + Ψ(1)†(r)β∇Ψ(0)(r)
]
. (3.13)
4 Dia- and paramagnetic contributions to the magnetizability
The atomic magnetizability χ is defined through the relationship
χ =
µ0
4π
m(1) ·B
B2
, (4.1)
where µ0 is the permeability of vacuum, while
m(1) =
1
2
∫
R3
d3r r × j(1)(r) (4.2)
is an induced magnetic dipole moment of the atom. If the induced current density is taken in the form
of Eq. (3.1), then m(1) can be represented by the sum
m(1) =m
(1)
d +m
(1)
p , (4.3)
with the components
m
(1)
d =
1
2
∫
R3
d3r r × j(1)d (r) (4.4)
and
m(1)p =
1
2
∫
R3
d3r r × j(1)p (r). (4.5)
Consequently, the magnetizability can be divided as follows:
χ = χd + χp, (4.6)
where
χd =
µ0
4π
m
(1)
d ·B
B2
and χp =
µ0
4π
m
(1)
p ·B
B2
. (4.7)
In this section, we shall find the explicit expressions for the diamagnetic (χd) and paramagnetic (χp)
contributions to the magnetizability of Dirac one-electron atom being in the state characterized by the
set of quantum numbers {n, κ, µ}.
To begin with the diamagnetic part, we shall insert the formulas from (2.11) and (3.12) into equation
(4.4), yielding
6
m
(1)
d = −
e2B
4m
∫
R3
d3r Ψ(0)†(r)r × (nz × r)βΨ(0)(r). (4.8)
Combining the above formula with the first of equations (4.7), we arrive at
χd = −1
4
α2a0
∫
R3
d3r Ψ(0)†(r) (nz × r)2 βΨ(0)(r). (4.9)
Putting Eq. (2.4) into Eq. (4.9) and exploiting the relation [29, Eq. (3.1.1)]
(nz · nr) Ωκµ(nr) = − 2µ
4κ2 − 1Ω−κµ(nr) +
√(
κ+ 12
)2 − µ2
|2κ+ 1| Ωκ+1,µ(nr)
+
√(
κ− 12
)2 − µ2
|2κ− 1| Ωκ−1,µ(nr), (4.10)
after performing the angular integration, we obtain
χd = −α
2a0
8
4κ2 + 4µ2 − 1
4κ2 − 1
∫ ∞
0
dr r2
[
P (0)nκ (r)P
(0)
nκ (r) −Q(0)nκ(r)Q(0)nκ (r)
]
. (4.11)
To evaluate the radial integral we shall use equations (2.6)–(2.7) and exploit the recurrence formula for
the Laguerre polynomials [32, Eq. (8.971.5)]
L(β)n (ρ) = L
(β+1)
n (ρ)− L(β+1)n−1 (ρ) (4.12)
and the following orthogonality relation [32, Eq. (7.414.3)]:∫ ∞
0
dρ ρβe−ρL(β)m (ρ)L
(β)
n (ρ) =
Γ(n+ β + 1)
n!
δmn [Re β > −1]. (4.13)
Taking into account also Eq. (2.2), after some rearrangements one gets∫ ∞
0
drr2
[
P (0)nκ (r)P
(0)
nκ (r)−Q(0)nκ(r)Q(0)nκ (r)
]
=
a20
2Z2
(n+γκ)
[
Nnκ(5n
2 + 10nγκ + 2γ
2
κ + 1)− 3κ(n+ γκ)
]
.
(4.14)
Thus, the diamagnetic part of the atomic magnetizability is
χd = −α
2a30
Z2
4κ2 + 4µ2 − 1
16 (4κ2 − 1) (n+ γκ)
[
Nnκ(5n
2 + 10nγκ + 2γ
2
κ + 1)− 3κ(n+ γκ)
]
. (4.15)
For the ground state of the atom, i.e. when n = 0, κ = −1, µ = ±1/2 (and consequently N0,−1 = 1), the
above expression reduces to
χ
(ground)
d = −
α2a30
Z2
γ1(γ1 + 1)(2γ1 + 1)
12
, (4.16)
in agreement with the corresponding formula found by Szmytkowski in Ref. [23].
Now, we will start deriving the expression for χp by inserting formula from (3.13) into equation (4.5)
and using the following relation:∫
R3
d3r r × [∇× F (r)] = 2
∫
R3
d3r F (r)
(
r2F (r)
r→∞−→ 0
)
. (4.17)
With some further algebra, we obtain the induced paramagnetic moment in the form
m(1)p = −
e2~
m
Re
∫
R3
d3r Ψ(0)†(r)β
(
Λˆ+Σ
)
βΨ(1)(r). (4.18)
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On putting the expression (2.31) for Ψ(1)(r) into the above equation, then combining the resulting formula
for m
(1)
p with the second of equations (4.7), we arrive at
χp = χ
′
p + χ
′′
p + χ
′′′
p , (4.19)
with the constituents
χ′p =
α4a30mec
2
2
∫
R3
d3r
∫
R3
d3r′ Ψ(0)†(r)nz ·
(
Λˆ+Σ
)
βG¯(0)(r, r′)βnz ·
(
Λˆ
′ +Σ
)
Ψ(0)(r′), (4.20)
χ′′p =
α3a20
4
Re
∫
R3
d3r Ψ(0)†(r)nz ·
(
Λˆ+Σ
)
nz · (r ×α) Ψ(0)(r), (4.21)
χ′′′p =
α3a20
4
Re
{∫
R3
d3r Ψ(0)†(r)nz ·
(
Λˆ+Σ
)
βΨ(0)†(r)
∫
R3
d3r′ Ψ(0)†(r′)nz · (r′ ×α)βΨ(0)(r′)
}
.
(4.22)
The expression in curly brackets on the right-hand side of Eq. (4.22) is purely imaginary because the
operator nz ·
(
Λˆ+Σ
)
is Hermitean, while the operator nz · (r ×α)β is anti-Hermitean. Consequently,
χ′′′p = 0 and thus
χp = χ
′
p + χ
′′
p . (4.23)
To derive the formula for χ′′p , we shall substitute Eq. (2.4) into Eq. (4.21) and exploite the following
relations [29, Eqs. (3.1.4), (3.1.6) and (3.2.1), respectively]:
(nz · σ)Ωκµ(nr) = − 2µ
2κ+ 1
Ωκµ(nr)− 2
√(
κ+ 12
)2 − µ2
|2κ+ 1| Ω−κ−1,µ(nr), (4.24)
nz · (nr × σ) Ωκµ(nr) = i 4µκ
4κ2 − 1Ω−κµ(nr) + i
√(
κ+ 12
)2 − µ2
|2κ+ 1| Ωκ+1,µ(nr)
−i
√(
κ− 12
)2 − µ2
|2κ− 1| Ωκ−1,µ(nr) (4.25)
and (
nz · Λˆ
)
Ωκµ(nr) =
2µ(κ+ 1)
2κ+ 1
Ωκµ(nr) +
√(
κ+ 12
)2 − µ2
|2κ+ 1| Ω−κ−1,µ(nr). (4.26)
This yields
χ′′p = α
3a20
2κµ2
4κ2 − 1
∫ ∞
0
dr rP (0)nκ (r)Q
(0)
nκ (r). (4.27)
The radial integral appearing above may be easily found with the use of Eqs. (2.6)–(2.7) and (4.12)–(4.13),
with the result ∫ ∞
0
dr rP (0)nκ (r)Q
(0)
nκ (r) =
αa0
4
2κ(n+ γκ)−Nnκ
Nnκ
. (4.28)
Consequently, we arrive at
χ′′p =
α2a30
Z2
κ(κ2 − µ2)µ2
4κ2 − 1
2κ(n+ γκ)−Nnκ
2Nnκ
. (4.29)
Now, let us start to evaluate the expression for the remaining component of the paramagnetic part of
the magnetizability, i.e. χ′p. At first, we shall insert Eq. (2.4) and the following partial-wave expansion
of the generalized Dirac–Coulomb Green function:
G¯(0)(r, r′) =
1
α2a0mc2
∞∑
κ′=−∞
(κ′ 6=0)
|κ′|−1/2∑
µ′=−|κ′|+1/2
1
rr′
×

 g¯
(0)
(++)κ′
(r, r′)Ωκ′µ′ (nr)Ω
†
κ′µ′
(n′r) −ig¯
(0)
(+−)κ′
(r, r′)Ωκ′µ′ (nr)Ω
†
−κ′µ′
(n′r)
ig¯
(0)
(−+)κ′
(r, r′)Ω−κ′µ′ (nr)Ω
†
κ′µ′
(n′r) g¯
(0)
(−−)κ′
(r, r′)Ω−κ′µ′ (nr)Ω
†
−κ′µ′
(n′r)

 (4.30)
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into the formula given in Eq. (4.20). Then utilizing Eqs. (4.24) and (4.26), taking into account also the
orthogonality relation for the spherical spinors∮
4pi
d2nr Ω
†
κµ(nr)Ωκ′µ′(nr) = δκκ′δµµ′ (4.31)
to carry out the angular integrals, we obtain
χ′p = χ
′
p,κ + χ
′
p,−κ−1 + χ
′
p,−κ+1, (4.32)
where we have defined
χ′p,κ = α
2a20 · 2κ2µ2
∫ ∞
0
dr
∫ ∞
0
dr′
(
−1
2κ+1P
(0)
nκ (r)
1
2κ−1Q
(0)
nκ(r)
)
G¯
(0)
κ (r, r
′)
(
−1
2κ+1P
(0)
nκ (r′)
1
2κ−1Q
(0)
nκ(r′)
)
, (4.33)
χ′p,−κ−1 =
α2a20
8
(
1− 4µ
2
(2κ+ 1)2
)∫ ∞
0
dr
∫ ∞
0
dr′
(
P
(0)
nκ (r) 0
)
G¯
(0)
−κ−1(r, r
′)
(
P
(0)
nκ (r′)
0
)
(4.34)
and
χ′p,−κ+1 =
α2a20
8
(
1− 4µ
2
(2κ− 1)2
)∫ ∞
0
dr
∫ ∞
0
dr′
(
0 Q
(0)
nκ(r)
)
G¯
(0)
−κ+1(r, r
′)
(
0
Q
(0)
nκ(r′)
)
. (4.35)
In the last three equations
G¯
(0)
κ′ (r, r
′) =
 g¯(0)(++)κ′(r, r′) g¯(0)(+−)κ′(r, r′)
g¯
(0)
(−+)κ′(r, r
′) g¯
(0)
(−−)κ′(r, r
′)
 (4.36)
is the generalized radial Dirac–Coulomb Green function associated with the combined total angular
momentum and parity quantum number κ′. Its Sturmian expansions, which we shall use in further
calculations, are [16]:
G¯
(0)
κ′ (r, r
′) =
∞∑
n′=−∞
1
µ
(0)
n′κ′ − 1
(
S
(0)
n′κ′(r)
T
(0)
n′κ′(r)
)(
µ
(0)
n′κ′S
(0)
n′κ′(r
′) T
(0)
n′κ′(r
′)
)
[for κ′ 6= κ] (4.37)
and
G¯
(0)
κ (r, r
′) =
∞∑
n′=−∞
(n′ 6=n)
1
µ
(0)
n′κ − 1
(
S
(0)
n′κ(r)
T
(0)
n′κ(r)
)(
µ
(0)
n′κS
(0)
n′κ(r
′) T
(0)
n′κ(r
′)
)
+
(
S
(0)
nκ (r)
T
(0)
nκ (r)
)(
J
(0)
nκ (r′) K
(0)
nκ (r′)
)
+
(
I
(0)
nκ (r)
K
(0)
nκ (r)
)(
S
(0)
nκ (r′) T
(0)
nκ (r′)
)
+
(
ǫnκ − 1
2
)(
S
(0)
nκ (r)
T
(0)
nκ (r)
)(
S
(0)
nκ (r′) T
(0)
nκ (r′)
)
[for κ′ 6= κ] . (4.38)
In Eqs. (4.37)–(4.38)
S
(0)
n′κ′(r) =
√
(1 + ǫnκ)Nnκ(|n′|+ 2γκ′)|n′|!
2ZNn′κ′(Nn′κ′ − κ′)Γ(|n′|+ 2γκ′)
(
2Zr
a0Nnκ
)γ
κ
′
exp
( −Zr
a0Nnκ
)
×
[
L
(2γ
κ
′ )
|n′|−1
(
2Zr
a0Nnκ
)
+
κ′ −Nn′κ′
|n′|+ 2γκ′ L
(2γ
κ
′)
|n′|
(
2Zr
a0Nnκ
)]
(4.39)
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and
T
(0)
n′κ′(r) =
√
(1− ǫnκ)Nnκ(|n′|+ 2γκ′)|n′|!
2ZNn′κ′(Nn′κ′ − κ′)Γ(|n′|+ 2γκ′)
(
2Zr
a0Nnκ
)γ
κ
′
exp
( −Zr
a0Nnκ
)
×
[
L
(2γ
κ
′)
|n′|−1
(
2Zr
a0Nnκ
)
− κ
′ −Nn′κ′
|n′|+ 2γκ′ L
(2γ
κ
′)
|n′|
(
2Zr
a0Nnκ
)]
(4.40)
are the radial Dirac–Coulomb Sturmian functions associated with the hydrogenic discrete state energy
level, and
µ
(0)
n′κ′ =
|n′|+ γκ′ +Nn′κ′
n+ γκ +Nnκ
, (4.41)
with
Nn′κ′ = ±
√
(|n′|+ γκ′)2 + (αZ)2 = ±
√
|n′|+ 2|n′|γκ′ + κ′2 (4.42)
being a so-called apparent principal quantum number (it assumes the positive values if n′ > 0 and
negative if n′ < 0; for n′ = 0, in the definition (4.42) one chooses the plus sign if κ′ < 0 and the minus
sign if κ′ > 0). The functions I
(0)
nκ (r), J
(0)
nκ (r) and K
(0)
nκ (r) emerging in Eq. (4.38), are defined as [16]
I(0)nκ (r) = ǫnκ
[
−
(
κ+
1
2ǫnκ
)
S(0)nκ (r) + r
(
mc(1 + ǫnκ)
~
+
αZ
r
)
T (0)nκ (r)
]
, (4.43)
J (0)nκ (r) = ǫnκ
[
−
(
κ− 1
2ǫnκ
)
S(0)nκ (r) + r
(
mc(1 + ǫnκ)
~
+
αZ
r
)
T (0)nκ (r)
]
, (4.44)
K(0)nκ (r) = ǫnκ
[
r
(
mc(1 − ǫnκ)
~
− αZ
r
)
S(0)nκ (r) +
(
κ+
1
2ǫnκ
)
T (0)nκ (r)
]
. (4.45)
If we plug the expansion from Eq. (4.38) to the right-hand side of formula in Eq. (4.33), then χ′p,κ
can be written as
χ′p,κ = α
2a20
2κ2µ2
(4κ2 − 1)2
{
R(∞)κ +R
(a)
κ + R
(b)
κ +R
(c)
κ
}
, (4.46)
with the components
R(∞)κ =
∞∑
n′=−∞
(n′ 6=n)
1
µ
(0)
n′κ − 1
∫ ∞
0
dr
[
(2κ− 1)P (0)nκ (r)S(0)n′κ(r) − (2κ+ 1)Q(0)nκ(r)T (0)n′κ(r)
]
×
∫ ∞
0
dr′
[
(2κ− 1)µ(0)n′κP (0)nκ (r′)S(0)n′κ(r′)− (2κ+ 1)Q(0)nκ(r′)T (0)n′κ(r′)
]
, (4.47)
R(a)κ =
(
ǫnκ − 1
2
)∫ ∞
0
dr
[
(2κ− 1)P (0)nκ (r)S(0)nκ (r)− (2κ+ 1)Q(0)nκ(r)T (0)nκ (r)
]
×
∫ ∞
0
dr′
[
(2κ− 1)P (0)nκ (r′)S(0)nκ (r′)− (2κ+ 1)Q(0)nκ(r′)T (0)nκ (r′)
]
, (4.48)
R(b)κ =
∫ ∞
0
dr
[
(2κ− 1)P (0)nκ (r)I(0)nκ (r) − (2κ+ 1)Q(0)nκ(r)K(0)nκ (r)
]
×
∫ ∞
0
dr′
[
(2κ− 1)P (0)nκ (r′)S(0)nκ (r′)− (2κ+ 1)Q(0)nκ(r′)T (0)nκ (r′)
]
, (4.49)
R(c)κ =
∫ ∞
0
dr
[
(2κ− 1)P (0)nκ (r)S(0)nκ (r) − (2κ+ 1)Q(0)nκ(r)T (0)nκ (r)
]
×
∫ ∞
0
dr′
[
(2κ− 1)P (0)nκ (r′)J (0)nκ (r′)− (2κ+ 1)Q(0)nκ(r′)K(0)nκ (r′)
]
. (4.50)
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Exploiting Eqs. (4.41), (4.43)–(4.45) and the following relations:
S(0)nκ (r) =
√
a0Nnκ
Z
P (0)nκ (r), (4.51a)
T (0)nκ (r) =
√
a0Nnκ
Z
Q(0)nκ(r), (4.51b)
after very tedious calculations, one can show that the sum of the four components in the curly brackets
in Eq. (4.46) vanishes, and consequently
χ′p,κ = 0. (4.52)
To derive the expressions for χ′p,−κ−1 and χ
′
p,−κ+1, we shall insert the series expansion (4.37) into
Eqs. (4.34) and (4.35), respectively. At this stage, we obtain
χ′p,−κ+1 =
α2a20
8
(
1− 4µ
2
(2κ− 1)2
)
R−κ+1 (4.53)
and
χ′p,−κ−1 =
α2a20
8
(
1− 4µ
2
(2κ+ 1)2
)
R−κ−1, (4.54)
where we have defined
R−κ+1 =
∞∑
n′=−∞
1
µ
(0)
n′κ′ − 1
[∫ ∞
0
dr Q(0)nκ(r)T
(0)
n′κ′(r)
]2
[κ′ = −κ+ 1] (4.55)
and
R−κ−1 =
∞∑
n′=−∞
µn′κ′
µ
(0)
n′κ′ − 1
[∫ ∞
0
dr P (0)nκ (r)S
(0)
n′κ′(r)
]2
[κ′ = −κ− 1] . (4.56)
To tackle the radial integral from Eq. (4.55), we exploit Eqs. (4.39)–(4.40) and (2.6)–(2.7), with the
Laguerre polynomials written in the form
L(β)n (ρ) =
n∑
k=0
(−)k
k!
(
n+ β
n− k
)
ρk, (4.57)
and transform the integration variable according to x = 2Zr/a0Nnκ, yielding∫ ∞
0
dr
[
Q(0)nκ(r)T
(0)
n′κ′(r)
]
= ξ(1− ǫnκ)Γ(n+ 2γκ)
n∑
k=0
(−)k
k!
(n− k) + (Nnκ − κ)
(n− k)!Γ(k + 2γκ + 1)
×
∫ ∞
0
dx xγκ+γκ′+ke−x
[
L
(2γ
κ
′)
|n′|−1(x) +
Nn′κ′ − κ′
|n′|+ 2γκ′ L
(2γ
κ
′)
|n′| (x)
]
, (4.58)
where
ξ =
√
a0
16Z2
n!(n+ 2γκ)|n′|!(|n′|+ 2γκ′)Nnκ
Nn′κ′(Nnκ − κ)(Nn′κ′ − κ′)Γ(n+ 2γκ)Γ(|n′|+ 2γκ′) . (4.59)
Making use of the formula [32, Eq. (7.414.11)]∫ ∞
0
dρ ργe−ρL(β)n (ρ) =
Γ(γ + 1)Γ(n+ β − γ)
n!Γ(β − γ) [Re(γ) > −1] (4.60)
and the relation (4.42), after some further rearrangements, we arrive at∫ ∞
0
dr
[
Q(0)nκ(r)T
(0)
n′κ′(r)
]
=
ξ(1− ǫnκ)Γ(n+ 2γκ)
(|n′| − 1)!(Nn′κ′ + κ′)
n∑
k=0
(−)k
k!
Γ(|n′|+ γκ′ − γκ − k − 1)
(n− k)!Γ(k + 2γκ + 1)
×Γ(γκ + γκ′ + k + 1)
Γ(γκ′ − γκ − k) [(n− k) + (Nnκ − κ)] [(Nn
′κ′ + κ
′) + (|n′|+ γκ′ − γκ − k − 1)] . (4.61)
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Inserting Eqs. (4.41), (4.59) and (4.61) into Eq. (4.55), after some simplifications involving, among others,
utilizing the trivial but useful identity
γ2κ′ − γ2κ = κ′2 − κ2, (4.62)
we obtain
R−κ+1 =
a0
Z2
n!Γ(n+ 2γκ + 1)(n+ γκ −Nnκ)2
32Nnκ(Nnκ − κ)
n∑
k=0
n∑
p=0
Z(+)nκ (k)Z(+)nκ (p)
Γ(γκ′ − γκ − k)Γ(γκ′ − γκ − p)
×
∞∑
n′=∞
κ′ −Nn′κ′
Nn′κ′
Γ(|n′|+ γκ′ − γκ − k − 1)Γ(|n′|+ γκ′ − γκ − p− 1)
|n′|!Γ(|n′|+ 2γκ′ + 1)(|n′|+ γκ′ − γκ − n)
× [(Nn′κ′ + κ′) + (|n′|+ γκ′ − γκ − k − 1)] [(Nn′κ′ + κ′) + (|n′|+ γκ′ − γκ − p− 1)]
×(|n′|+ γκ′ − n− γκ −Nnκ −Nn′κ′) [κ′ = −κ+ 1] , (4.63)
where
Z(±)nκ (k) =
(−)k
k!(n− k)! [(n− k)± (Nnκ − κ)]
Γ(γκ + γ1∓κ + k + 1)
Γ(k + 2γκ + 1)
(4.64)
and analogously for Z(±)nκ (p).
The expression in Eq. (4.63) can be greatly simplified if in the series
∑∞
n′=−∞(. . .) one gathers together
ingredients with the same absolute value of the summation index n′. By doing this, after much labor,
with the use of Eqs. (4.42) and (4.62), one finds that
R−κ+1 =
a0
Z2
n!Γ(n+ 2γκ + 1)(n+ γκ −Nnκ)2
16Nnκ(Nnκ − κ)
n∑
k=0
n∑
p=0
Z(+)nκ (k)Z(+)nκ (p)
Γ(γκ′ − γκ − k)Γ(γκ′ − γκ − p)
×
∞∑
n′=0
Γ(n′ + γκ′ − γκ − k − 1)Γ(n′ + γκ′ − γκ − p− 1)
n′!Γ(n′ + 2γκ′ + 1)(n′ + γκ′ − γκ − n)
×{n′(n′ + 2γκ′)(n′ + γκ′ − γκ − n)
−(n′ + γκ′ − γκ − k − 1)(n′ + γκ′ − γκ − p− 1)(n′ + γκ′ − γκ − n)
+(Nnκ − κ′)(n′ + γκ′ − γκ − k − 1)(n′ + γκ′ − γκ − p− 1)
+n′(n′ + 2γκ′) [(n− k − 1) + (n− p− 1) + (Nnκ + κ′)]} [κ′ = −κ+ 1] . (4.65)
Further simplifications can be achieved, if one notices that the sum of the two series
∑∞
n′=0(...) formed
by using the first two terms in the curly braces on the right-hand side of the above equation, equals zero.
Moreover, the other two series can be expressed in terms of the hypergeometric functions 3F2 of the unit
argument, with the help of the following definition [33, 34]:
3F2
(
a1, a2, a3
b1, b2
; 1
)
=
Γ(b1)Γ(b2)
Γ(a1)Γ(a2)Γ(a3)
∞∑
n=0
Γ(a1 + n)Γ(a2 + n)Γ(a3 + n)
n!Γ(b1 + n)Γ(b2 + n)
[Re (b1 + b2 − a1 − a2 − a3) > 0] . (4.66)
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After performing the calculations described above, Eq. (4.65) takes the form
R−κ+1 =
a0
Z2
n!Γ(n+ 2γκ + 1)(n+ γκ −Nnκ)2
16Nnκ(Nnκ − κ)Γ(2γκ′ + 1)
n∑
k=0
n∑
p=0
Z(+)nκ (k)Z(+)nκ (p)
×
[
Nnκ − κ′
γκ′ − γκ − n3F2
(
γκ′ − γκ − k, γκ′ − γκ − p, γκ′ − γκ − n
γκ′ − γκ − n+ 1, 2γκ′ + 1 ; 1
)
+3F2
(
γκ′ − γκ − k, γκ′ − γκ − p, γκ′ − γκ − n+ 1
γκ′ − γκ − n+ 2, 2γκ′ + 1 ; 1
)
× (n− k) + (n− p) + (Nnκ + κ
′ − 2)
γκ′ − γκ − n+ 1
]
[κ′ = −κ+ 1] . (4.67)
The first of the 3F2 functions appearing in Eq. (4.67) may be eliminated, if one uses the relation
3F2
(
a1, a2, a3 − 1
a3, b
; 1
)
= − (a1 − a3)(a2 − a3)
a3(b− a3) 3F2
(
a1, a2, a3
a3 + 1, b
; 1
)
+
Γ(b)Γ(b− a1 − a2 + 1)
(b− a3)Γ(b − a1)Γ(b− a2)
[Re(b− a1 − a2) > −1] . (4.68)
Providing also some further algebraic transformations, we get
R−κ+1 =
a0
Z2
(n+ γκ −Nnκ)2
16Nnκ(Nnκ − κ)(Nnκ + κ′)
{
[(n− k) + (Nnκ − κ)][(n− p) + (Nnκ − κ)]Fnκ (2)
+
n!Γ(n+ 2γκ + 1)
(γκ′ − γκ − n+ 1)Γ(2γκ′ + 1)
n∑
k=0
n∑
p=0
Z˜(+)nκ (k)Z˜(+)nκ (p)
×3F2
(
γκ′ − γκ − k, γκ′ − γκ − p, γκ′ − γκ − n+ 1
γκ′ − γκ − n+ 2, 2γκ′ + 1 ; 1
)}
[κ′ = −κ+ 1] , (4.69)
where we have defined
Z˜(±)nκ (k) = [(n− k)± (Nnκ − κ)]Z(±)nκ (k) (4.70)
and similarly for Z˜(±)nκ (p). The function Fnκ (M), also appearing in Eq. (4.69), was defined by us in the
Appendix to Ref. [17] in Eq. (A.1). Basing on the analysis carried out in that Appendix, with some
algebra, one can show that
[(n− k) + (Nnκ − κ)][(n− p) + (Nnκ − κ)]Fnκ (2) = 2(Nnκ − κ) [n(n+ 2γκ) + κ− 2(n+ γκ)Nnκ] . (4.71)
The formula for R−κ−1 may be derived in the similar way. Generally, we found that
R−κ±1 =
a0
Z2
(n+ γκ ∓Nnκ)2
128Nnκ(Nnκ + κ′)
[
2κ− 4(n+ γκ)Nnκ ± 2n(n+ 2γκ)
+
n!Γ(n+ 2γκ + 1)
(Nnκ − κ)(γκ′ − γκ − n+ 1)Γ(2γκ′ + 1)
n∑
k=0
n∑
p=0
Z˜(±)nκ (k)Z˜(±)nκ (p)
×3F2
(
γκ′ − γκ − k, γκ′ − γκ − p, γκ′ − γκ − n+ 1
γκ′ − γκ − n+ 2, 2γκ′ + 1 ; 1
)]
[κ′ = −κ± 1]. (4.72)
Inserting the last result to Eqs. (4.53)–(4.54), we arrive at
χ′p,−κ±1 =
α2a30
Z2
(
1− 4µ
2
(2κ∓ 1)2
)
(n+ γκ ∓Nnκ)2
128Nnκ(Nnκ + κ′)
[
2κ− 4(n+ γκ)Nnκ ± 2n(n+ 2γκ)
+
n!Γ(n+ 2γκ + 1)
(Nnκ − κ)(γκ′ − γκ − n+ 1)Γ(2γκ′ + 1)
n∑
k=0
n∑
p=0
Z˜(±)nκ (k)Z˜(±)nκ (p)
×3F2
(
γκ′ − γκ − k, γκ′ − γκ − p, γκ′ − γκ − n+ 1
γκ′ − γκ − n+ 2, 2γκ′ + 1 ; 1
)]
. [κ′ = −κ± 1] (4.73)
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Splitting together Eqs. (4.52) and (4.32), one may write
χ′p = χ
′
p,−κ+1 + χ
′
p,−κ−1, (4.74)
where both constituents appearing on the right-hand side of the above equation are defined by Eq. (4.73).
Finally, combining Eqs. (4.23), (4.29), (4.73) and (4.74), we found the paramagnetic contribution to the
atomic magnetizability in the following explicit form:
χp =
α2a30
Z2
{
κ(κ2 − µ2)µ2
4κ2 − 1
2κ(n+ γκ)−Nnκ
2Nnκ
+
∑
+,−
(
1− 4µ
2
(2κ∓ 1)2
)
(n+ γκ ∓Nnκ)2
128Nnκ(Nnκ − κ± 1)
×
[
2κ− 4(n+ γκ)Nnκ ± 2n(n+ 2γκ) + n!Γ(n+ 2γκ + 1)
(Nnκ − κ)(γ1∓κ − γκ − n+ 1)Γ(2γ1∓κ + 1)
×
n∑
k=0
n∑
p=0
Z˜(±)nκ (k)Z˜(±)nκ (p) 3F2
(
γ1∓κ − γκ − k, γ1∓κ − γκ − p, γ1∓κ − γκ − n+ 1
γ1∓κ − γκ − n+ 2, 2γ1∓κ + 1 ; 1
)]}
,
(4.75)
where
∑
+,−(. . .) denotes that the components with the upper and the lower sign should be added
together. On putting n = 0, κ = −1 and µ = ±1/2 into Eq. (4.75), then transforming the resulting 3F2
function with the help of the following relation:
3F2
(
a1 + 1, a2 + 1, a3 + 1
a3 + 2, b
; 1
)
=
a3 + 1
a1a2
[
(a3 − b+ 1)3F2
(
a1, a2, a3
a3 + 1, b
; 1
)
+
Γ(b)Γ(b− a1 − a2 − 1)
Γ(b − a1)Γ(b− a2)
[
(b− a1 − 1)(b− a2 − 1)− a3(b− a1 − a2 − 1)
]]
[Re(b − a1 − a2) > −1] (4.76)
and some further algebraic transformations, we obtain the expression for χp of the atom in the ground
state in the form
χ(ground)p = −
α2a30
Z2
[
(γ1 + 1)(2γ1 + 1)(γ1 − 2)
36
+
Γ2(γ1 + γ2 + 2)
72(γ2 − γ1)Γ(2γ1 + 1)Γ(2γ2 + 1)
×3F2
(
γ2 − γ1 − 1, γ2 − γ1 − 1, γ2 − γ1
γ2 − γ1 + 1, 2γ2 + 1 ; 1
)]
. (4.77)
The above result is identical to the corresponding formula derived in Ref. [23].
Using Eqs. (4.15) and (4.75), one may verify that, as might be expected, the sum χd + χp coincides
with the total magnetizability of the relativistic one-electron atom in an arbitrary discrete energy state,
found by us some time ago [17, 18].
Basing on the formulas (4.6), (4.15), (4.29) and (4.73)–(4.75), we also performed numerical calculations
showing relative dia- and paramagnetic contributions to magnetizabilities for hydrogenlike atoms with a
wide range of nuclear charge 1 6 Z 6 137. However, in tables 1–4 these contributions are compared for
some low-lying discrete energy eigenstates of hydrogenic atoms with selected atomic number only; more
comprehensive numerical data will be provided elsewhere.
The calculations have been performed with the newest value of inverse of the fine structure constant
α−1 = 137.035999084 [35]. To compare our results for the atomic ground state (not presented here) with
the corresponding data reported by Szmytkowski in Ref. [23], we conducted additional calculations with
the value α−1 = 137.0359895 published by Committee on Data for Science and Technology (CODATA)
in 1986 [36]. The agreement between our and his results turns out to be almost perfect; we have found
some discrepancies only for Z = 120. Namely, our value for χ′′p/χ = −1.136288773734 differs from the
Szmytkowski’s result χ′′p/χ = −1.28. Consequently, also χp/χ = −1.122168785351 found by us do not
coincide with χp/χ = −1.26 predicted in Ref. [23]. The origin of these differences is unclear to us.
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Table 1: Relative dia- and paramagnetic contributions to magnetizabilities for selected relativistic hydro-
genlike atoms in the excited state 2s1/2. Notation a(b) means a× 10b. The inverse of the fine structure
constant used is α−1 = 137.035999084 [35].
Z χd/χ χ
′
p/χ χ
′′
p/χ χp/χ
1 1.000000950951 −5.709143196213(−13) −9.509505032691(−7) −9.509510741834(−7)
2 1.000003804213 −9.135092425089(−12) −3.804203572799(−6) −3.804212707892(−6)
3 1.000008561011 −4.625031488258(−11) −8.560964342320(−6) −8.561010592635(−6)
4 1.000015223389 −1.461911348772(−10) −1.522324288427(−5) −1.522338907541(−5)
5 1.000023794213 −3.569662629401(−10) −2.379385648774(−5) −2.379421345400(−5)
10 1.000095433260 −5.718707543961(−9) −9.542754154796(−5) −9.543326025551(−5)
20 1.000385893989 −9.196474164586(−8) −3.858020244074(−4) −3.858939891490(−4)
30 1.000884349606 −4.695259498712(−7) −8.838800799712(−4) −8.843496059211(−4)
40 1.001614144362 −1.501597533930(−6) −1.612642764038(−3) −1.614144361572(−3)
50 1.002612055026 −3.722035978698(−6) −2.608332990275(−3) −2.612055026254(−3)
60 1.003933697377 −7.861216665841(−6) −3.925836160621(−3) −3.933697377287(−3)
70 1.005663069698 −1.487769768804(−5) −5.648191999890(−3) −5.663069697578(−3)
80 1.007930074018 −2.598709607691(−5) −7.904086921860(−3) −7.930074017937(−3)
90 1.010944993942 −4.265627239076(−5) −1.090233766974(−2) −1.094499394213(−2)
100 1.015073640431 −6.644633512472(−5) −1.500719409599(−2) −1.507364043111(−2)
110 1.021027792807 −9.823424707643(−5) −2.092955856029(−2) −2.102779280736(−2)
120 1.030479987825 −1.344242545220(−4) −3.034556357064(−2) −3.047998782516(−2)
130 1.049284709370 −1.398836422235(−4) −4.914482572747(−2) −4.928470936969(−2)
135 1.072962367578 −3.111842488788(−5) −7.293124915285(−2) −7.296236757773(−2)
136 1.083303691497 4.854711576328(−5) −8.335223861232(−2) −8.330369149655(−2)
137 1.109659741655 3.157064194156(−4) −1.099754480747(−1) −1.096597416553(−1)
Table 2: Relative dia- and paramagnetic contributions to magnetizabilities for selected relativistic hydro-
genlike atoms in the excited state 2p1/2. Notation a(b) means a× 10b. The inverse of the fine structure
constant used is α−1 = 137.035999084 [35].
Z χd/χ χ
′
p/χ χ
′′
p/χ χp/χ
1 −7.489005955767(−5) 1.000074890026 3.323431213802(−11) 1.000074890060
2 −2.996243641131(−4) 1.000299623832 5.319109788891(−10) 1.000299624364
3 −6.743954318263(−4) 1.000674392738 2.694166981127(−9) 1.000674395432
4 −1.199524595252(−3) 1.001199516074 8.520955556455(−9) 1.001199524595
5 −1.875462706807(−3) 1.001875441885 2.082215337109(−8) 1.001875462707
10 −7.542283263792(−3) 1.007541947553 3.357107842120(−7) 1.007542283264
20 −3.083429751207(−2) 1.030828757302 5.540210483888(−6) 1.030834297512
30 −7.202756381074(−2) 1.071997990862 2.957294885302(−5) 1.072027563811
40 −1.353009437700(−1) 1.135199968626 1.009751435907(−4) 1.135300943770
50 −2.280646997608(−1) 1.227790789207 2.739105542032(−4) 1.228064699761
60 −3.635682688232(−1) 1.362915334039 6.529347846402(−4) 1.363568268823
70 −5.669742628490(−1) 1.565521445695 1.452817153697(−3) 1.566974262849
80 −8.915389888431(−1) 1.888375660983 3.163327859700(−3) 1.891538988843
90 −1.471803527488 2.464697012251 7.106515236778(−3) 2.471803527488
100 −2.773399651512 3.755288733967 1.811091754549(−2) 3.773399651512
110 −8.255653175525 9.182248141083 7.340503444177(−2) 9.255653175525
120 1.504534426707(+1) −1.385810718557(+1) −1.872370815011(−1) −1.404534426707(+1)
130 4.468056454174 −3.383485401826 −8.457105234768(−2) −3.468056454174
135 3.295457219271 −2.209099959021 −8.635726025060(−2) −2.295457219271
136 3.095768354285 −2.005598901727 −9.016945255827(−2) −2.095768354285
137 2.823318182103 −1.721726523137 −1.015916589665(−1) −1.823318182103
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Table 3: Relative dia- and paramagnetic contributions to magnetizabilities for selected relativistic hydro-
genlike atoms in the excited state 2p3/2(µ = ±1/2). Notation a(b) means a× 10b. The inverse of the fine
structure constant used is α−1 = 137.035999084 [35].
Z χd/χ χ
′
p/χ χ
′′
p/χ χp/χ
1 5.990559400935(−5) 9.999400944725(−1) −6.646019615265(−11) 9.999400944060(−1)
2 2.395962240474(−4) 9.997604048392(−1) −1.063282473528(−9) 9.997604037760(−1)
3 5.389934785563(−4) 9.994610119036(−1) −5.382187296677(−9) 9.994610065214(−1)
4 9.579668195500(−4) 9.990420501878(−1) −1.700736249134(−8) 9.990420331804(−1)
5 1.496333804192(−3) 9.985037077083(−1) −4.151245218696(−8) 9.985036661958(−1)
10 5.969100844349(−3) 9.940315621051(−1) −6.629494965253(−7) 9.940308991557(−1)
20 2.362209706762(−2) 9.763884322421(−1) −1.052930968653(−5) 9.763779029324(−1)
30 5.223821905592(−2) 9.478144652176(−1) −5.268427350660(−5) 9.477617809441(−1)
40 9.074846856688(−2) 9.094155282128(−1) −1.639967797244(−4) 9.092515314331(−1)
50 1.379092196071(−1) 8.624842027919(−1) −3.934223990187(−4) 8.620907803929(−1)
60 1.925082583764(−1) 8.082926569522(−1) −8.009153286290(−4) 8.074917416236(−1)
70 2.535920509001(−1) 7.478660240824(−1) −1.458074982448(−3) 7.464079490999(−1)
80 3.207327803464(−1) 6.817193619514(−1) −2.452142297758(−3) 6.792672196536(−1)
90 3.944183613785(−1) 6.094780858022(−1) −3.896447180695(−3) 6.055816386215(−1)
100 4.768208888450(−1) 5.291343735392(−1) −5.955262384130(−3) 5.231791111550(−1)
110 5.738166317467(−1) 4.350926092136(−1) −8.909240960317(−3) 4.261833682533(−1)
120 7.023153192745(−1) 3.110646886459(−1) −1.338000792037(−2) 2.976846807255(−1)
130 9.387085864684(−1) 8.301617456742(−2) −2.172476103579(−2) 6.129141353163(−2)
135 1.316824449799 −2.833345206198(−1) −3.348992917873(−2) −3.168244497986(−1)
136 1.563817694571 −5.232969101326(−1) −4.052078443812(−2) −5.638176945707(−1)
137 3.061187656742 −1.980378563221 −8.080909352125(−2) −2.061187656742
Table 4: Relative dia- and paramagnetic contributions to magnetizabilities for selected relativistic hydro-
genlike atoms in the excited state 2p3/2(µ = ±3/2). Notation a(b) means a× 10b.The inverse of the fine
structure constant used is α−1 = 137.035999084 [35].
Z χd/χ χ
′
p/χ χ
′′
p/χ χp/χ
1 1.000006656538 −1.459736107538(−13) −6.656537471650(−6) −6.656537617623(−6)
2 1.000026627570 −2.335796642897(−12) −2.662756786883(−5) −2.662757020463(−5)
3 1.000059917358 −1.182681755791(−11) −5.991734591152(−5) −5.991735773834(−5)
4 1.000106533003 −3.738675872202(−11) −1.065329653780(−4) −1.065330027648(−4)
5 1.000166484454 −9.130193600708(−11) −1.664843629754(−4) −1.664844542773(−4)
10 1.000666827092 −1.464260033299(−9) −6.668256273518(−4) −6.668270916119(−4)
20 1.002681634537 −2.364947580800(−8) −2.681610887504(−3) −2.681634536980(−3)
30 1.006088195834 −1.216268191286(−7) −6.088074207626(−3) −6.088195834445(−3)
40 1.010962200864 −3.930463796477(−7) −1.096180781779(−2) −1.096220086417(−2)
50 1.017415665884 −9.877409728625(−7) −1.741467814313(−2) −1.741566588410(−2)
60 1.025603781704 −2.122945581718(−6) −2.560165875879(−2) −2.560378170437(−2)
70 1.035735021013 −4.106327832518(−6) −3.573091468499(−2) −3.573502101282(−2)
80 1.048085815449 −7.370390005251(−6) −4.807844505885(−2) −4.808581544885(−2)
90 1.063021892685 −1.252401899669(−5) −6.300936866567(−2) −6.302189268466(−2)
100 1.081029657512 −2.043070047145(−5) −8.100922681185(−2) −8.102965751232(−2)
110 1.102763231354 −3.232945830916(−5) −1.027309018953(−1) −1.027632313536(−1)
120 1.129116764804 −5.002647613584(−5) −1.290667383281(−1) −1.291167648042(−1)
130 1.161339131035 −7.620790687734(−5) −1.612629231283(−1) −1.613391310351(−1)
135 1.180182512047 −9.368356680911(−5) −1.800888284805(−1) −1.801825120473(−1)
136 1.184204318486 −9.761057463165(−5) −1.841067079109(−1) −1.842043184855(−1)
137 1.188316437748 −1.016957876894(−4) −1.882147419599(−1) −1.883164377476(−1)
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It is seen from tables 1 and 4 that always for the states 2s1/2 and 2p3/2 (with µ = ±3/2) we have
|χ′p| ≪ |χ′′p |. We have found additionally, that such relation occurs for all the states with κ < 0 and with
the maximal value of µ, simultaneously, including the ground state (this agrees with the conclusion from
[23]). Moreover, for such states, the diamagnetic contribution χd always dominates over the paramagnetic
one χp (the exception to this rule is the ground state, for which that relation occurs only for Z < 130).
We have observed that the opposite relation, i.e. |χ′′p | ≪ |χ′p|, holds for all states with κ > 0 and
also for those with κ < 0 and µ < j, simultaneously (see tables 2 and 3). In general, for these states, χp
is greater than χd. However, for some of these states, such dominance does not occur for all values of
atomic number. It is most noticeable for small Z’s and gradually decreases up to a certain Zc value, for
which both contributions are almost equal, and after which the diamagnetic component slowly begins to
dominate over the paramagnetic one. We have found Zc = 117 for the state 2p1/2, and Zc = 103 for the
state 2p3/2 (with µ = ±1/2). For higher excited states, the equalization of diamagnetic and paramagnetic
contributions is already taking place for lower values of the atomic number, i.e. for the state 3p1/2 there
is Zc = 84 and for 3p3/2 (with µ = ±1/2) one has Zc = 85.
5 Conclusions
In this work, we derived analytically closed-form expressions for the diamagnetic (χd) and paramagnetic
(χp) contributions to the magnetizability of the relativistic one-electron atom in an arbitrary discrete
energy state. We carried out the Gordon decomposition approach combined with the perturbation theory.
In calculations we have used the Sturmian expansion of the generalized Dirac–Coulomb Green function
[16]. Our general result for χp has the form of a double finite sum involving the generalized hypergeometric
functions 3F2 of the unit argument; for the ground state it reduces to the formula found by Szmytkowski
some time ago [23]. The expression for χd is of an elementary form and also agrees with the corresponding
result provided in the aforementioned article.
This paper contains also results of numerical calculations of χd and χp performed by us for selected
hydrogenic ions in some atomic states. For the atomic ground state our results nearly perfectly agree
with the appropriate values given in [23], while for the excited states we have drawn some interesting
conclusions about the impact of relativity on the obtained values.
This work provides also further evidence of the usefulness of the Sturmian expansion of the generalized
Dirac–Coulomb Green function [16] in the relativistic calculations of electromagnetic properties of the
relativistic hydrogenlike ions.
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